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Abstract

Appendix A summarizes the procedure used for projecting unobservable factors onto macro factors. Appendix B

provides a simple model of heterogenous agents that is consistent with our reduced-from model. Appendix C describes

the objective function for the likelihood estimation. Appendix D clarifies the role of survey data in estimating the model

parameters. Appendix E contains tables with the parameter estimates including bootstrapped confidence intervals for

eight of the models.

Appendix A. Projection

The model that controls the evolution of statez can be written as

zt = µz + Φzzt−1 + Σ
1/2
z ǫt (A.1)
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Liptser (1997) and Liptser and Shiryaev (2001) derive the projection of one element of the VAR(1) on the other

using the same ideas as in the Kalman filtering. In particular, these authors provide the following expression for the

conditional mean, often referred to as “forecast,” and variance of the forecast error:
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where we generically refer tom andx as vectors of observable and latent variables, respectively.

We introduce additional notations to describe the projection initialization. The long-run mean and variance ofz are:

(I − Φ)−1 µ =
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, whereV solvesV = ΦVΦ′ + ΣΣ′ (A.6)

The steady-state matrixP satisfies:
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Then the projection is initialized as follows:

x̂(m0) = Θx
+ V xm(Vmm)−1(m0 − Θ

m), P0 = P (A.8)

In this casePt = P and the projection is time-stationary. An alternative strategy is to initializeP0 at the unconditional

variance ofz. In this case, the sequencePt will converge toP. In our model it happens in twelve steps.

The lags of the projectedx in expression (A.3) could be recursively substituted out sothat the current projection is

expressed as a distributed-lag function of macro variables:

x̂(mt) = c(ψ) +
t
∑

j=0

ct− j(ψ)mt− j, (A.9)

where the matricesc are functions of parametersψ that control the dynamics of the state variablesz.

Appendix B. A model of learning with heterogeneous beliefs

We start out by describing the evolution of changes in CPIπt in the most basic form:

πt = et−1 + σǫ
π
t (B.1)
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whereet represents expected inflation rate. We fill this equation with more content by assuming thatet is determined

by πt and some state variablest that is unobservable to the agents. We further assume that the vectorut = (πt, st)′

follows a VAR(1) process

ut = µu
+ Φ

uut−1 + Σ
uǫu

t (B.2)
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In particular, this specification implies that the spot expectation of CPI changes is:

et = Et(πt+1) = µπ + φπππt + φ
πsst. (B.4)

Sincest is not observable the agents must filter it. We use a setup thatis similar to the one in Scheinkman and Xiong

(2003), who develop stock pricing in the context of investors with heterogeneous beliefs. For transparency, we assume

that there are only two forecast surveys being conducted:A andB. Participants of the surveys receive signalsθA
t and

θB
t aboutst. Members of surveyA think of the signalθA as their own, but can observe both. Specifically, forecasterA

believes that only her signal is correlated with innovations in st, i.e., the vectorwt = (πt, θ
A
t , θ

B
t , st)′ follows a restricted

VAR(1) process:1

wt = µw
+ Φ

wwt−1 + Σ
wǫw

t (B.5)
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whereǫt ∼ N(0, I). The restrictions ensure that the private signal is not correlated withπt, and that the expected change

in the private signal is equal to the unobserved state variable. The elementσsθA
controls the degree of informativeness

of the signal regarding the state variables.

We solve the forecaster’s filtering problem using the results from appendix Appendix A, expression (A.9), in par-

ticular. In our Gaussian setup the filtered value of the statevariables will be a linear function ofπ, the private signals

1A symmetric argument applies to the members of surveyB.
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and their lags:

ŝi
t = ci

0 +

t
∑

j=0

(

ci
π,t− jπt− j + ci

θ,t− jθ
i
t− j + c−i

θ,t− jθ
−i
t− j

)

, (B.6)

wherei and−i generically refer to one of the surveys, and all others, respectively. Therefore, expected change in CPI

from the surveyi is equal to:

ei
t = Ei

t(πt+1) = µπ + φπππt + φ
πs ŝi

t. (B.7)

As a next step, we adopt this result in our empirical setting.An econometrician does not observe the private signals

θi, therefore she has to estimate them, which would require adding a second layer of filtering equations. We want to

avoid this complication and introduce additional notations and some approximations.

Firstly, we assume that firstp lags of the variables are sufficient to approximate ˆsi in (B.6) accu-

rately. We stack up the contemporaneous and lagged values ofthe variables in (B.6) into a vector:

ς
p
t = (πt−1, . . . , πt−p, θ

i
t, . . . , θ

i
t−p, θ

−i
t , . . . , θ

−i
t−p)′. Now we can rewrite ˆsi as

ŝi
t ≈ ci

0 + ci
π,tπt + ci′ς

p
t (B.8)

Secondly, we assume that a vectorxt of first k principal components ofςp
t explains most of the variation in this

variable. Therefore,

ŝi
t ≈ ci

0 + ci
π,tπt + α

i′xt (B.9)

whereαi is a convolution ofci and the principal components loadings onςp
t . In particular, these assumptions combined

with the CPI forecast equation (B.4) implies that, regardless of the survey, forecasts of CPI changes will be linear

functions ofπt andxt, but that the weights in these functions will be survey-specific:

ei
t = Ei

t(πt+1) = νi
0 + ν

i
ππt + ν

i
xxt, (B.10)

Note that,because the vector (πt, ς
p′
t )′ follows a VAR(1), the vector (πt, x′t )

′ will do so as well. This observation yields

our reduced-form setup.2

2In practice the accuracy of the approximation can be achievedby using a sufficient number of the latent factorsxt . The sufficiency can be

established via model specification analysis.
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Appendix C. Estimation

We estimate our models via maximum likelihood with the Kalman filter. The models we estimate differ along three

dimensions: (a) the number of factorsN + 1, (b) the observable data used in the estimation and (c) the restrictions

imposed at the estimation stage. The AST and AOT models use all available data in the estimation but impose different

restrictions with regards to the inflation forecasts. All other models use a subset of the data.

The stacked parameters that control the dynamics of the state variables (ℙ-parameters) are denoted byψ. Parameters

ψℚ andψℙi
control the dynamics (drifts) under the risk neutral measureℚ and the subjective probability measureℙi,

respectively. We denote the full set of model parameters byΘ = (ψ′, ψℚ′, ψℙi′)′.

We collect the observable data at timet in the vectoryt. The observables may include the macro variablesg and

π, Treasury and TIPS yields and the various inflation survey forecasts, that is,yt = (g, π,Treas′t ,T IPS ′t , S urvi′
t )′. Let

wt be the vector of measurement errors, includingωn
t , ωr

t andχi
t. The first two elements ofwt are zero as we assume

that the macro variables are observed without error. The vector yt summarizes all the observed data through datet,

yt ≡ (y′t , y
′
t−1, . . . , y

′
1)′.

Given the model setup and implications derived in the main text, we have

yt |yt−1;Θ ∼ N (vt(Θ),Ft(Θ)) , (C.1)

where

vt(Θ) = A(Θ) + B(Θ)′zt|t−1(Θ), (C.2)

Ft(Θ) = B(Θ)′Pt|t−1(Θ)B(Θ) + Ikwt, (C.3)

wherevt(Θ) denotes the optimal forecast conditional on having observed the full data history up tot−1 andFt(Θ) is the

mean squared error of the forecast;zt|t−1(Θ) is the conditional mean of the state variables andPt|t−1(Θ) the conditional

covariance matrix obtained via the standard Kalman filter recursion. The Kalman filter iteration is started with the

unconditional varianceP1|0(Θ) =
(

I(N+1)2 − (Φz ⊗ Φz)
)−1
· vec(Σz). In total, we havek observed variables at datet and

Ik is the identity matrix of sizek. A(Θ) is a k × 1 vector andB(Θ) is a (N + 1) × k matrix of factor loadings for the

observables.

The resulting likelihood function is:

L = −
kT
2

log(2π) −
1
2

T
∑

t=1

log |Ft(Θ)| −
1
2

T
∑

t=1

[

yt − vt(Θ)
]′ F−1

t (Θ)
[

yt − vt(Θ)
]

. (C.4)
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We can deal with any set of observable data during estimationby using different vectors of datayt and specifying

different conditional forecasts and conditional variance-covariance matrix. For AST and AOT,yt is the full vector

described above; for AS and AO, the vector excludesT IPS t; for NFT it excludesS urvi
t. For the NF model we have

yt = (g, π,Treas′t)
′ and for the OF and OFO models we haveyt = (g, π, S urvi′

t )′. Furthermore, it is straightforward

to deal with missing values in the estimation by simply excluding the missing quantity fromyt for iteration t. This

likelihood is augmented by a penalty that controls the size of risk premia as described in the main text.

The parameter restrictions also have a direct effect on the objective function at the estimation stage. For the AST

and AS models, no restrictions are imposed on the parameter vectorΘ. Therefore,ΘAS or ΘAST
= (ψ′, ψℚ′, ψℙi′)′.

The AOT and AO models do not allow for expectation disagreements and henceΘAO or ΘAOT
= (ψ′, ψℚ′)′. In the

NF and NFT models, surveys are not included and hence we againhaveΘNF or ΘNFT
= (ψ′, ψℚ′)′. The OF model

does not include any yields, henceΘOF
= (ψ′, ψℙi′)′. Finally, the OFO model neither contains yields nor does it allow

for term expectation disagreements and henceΘ
OFO

= ψ′.

Appendix D. The impact of survey data on estimation

As we pointed out in the main text, if there are no hidden factors, using survey forecasts in estimation cannot have a

material effect on inflation forecasts if model-based subjective expectations are allowed to diverge from model-based

objective expectations in an arbitrary fashion. We providedetails of this reasoning in this section.3

We discuss the case of the AS model to be specific. We specialize the equations from section Appendix C as follows.

Split the vectoryt into y1t that containsg, π, andN − 1 nominal yields,y2t that contains the remainder of yields, and

y3t = S urvi′
t (the allocation ofg andπ to y1t is without loss of generality). Vectors of measurement errors w jt are

the corresponding splits of the overall vectorwt. To make the argument clear, we further assume thatw1t = 0 and,

therefore, Kalman filtering is not needed as state variablescan be inverted from the observablesy1t. Importantly, this

implication is correct only if there are no hidden factors. Otherwise, it is impossible to infer the entire state from macro

variables and yields only. Please refer to the main text for the detailed discussion of this point.

As a result, the optimal forecastvt(Θ) can be represented as:

v1t(Θ) = A1(ψ, ψℚ) + B1(ψ, ψℚ)′zt(y1t, ψ, ψ
ℚ) = y1t, (D.1)

3We are grateful to the Referee for showing us the derivationsrelated to this point.
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v2t(Θ) = A2(ψ, ψℚ) + B2(ψ, ψℚ)′zt(y1t, ψ, ψ
ℚ)

= A2(ψ, ψℚ) + B2(ψ, ψℚ)′(B1(ψ, ψℚ)′)−1(y1t − A1(ψ, ψℚ)), (D.2)

v3t(Θ) = A3(ψℙi
) + B3(ψℙi

)′zt(y1t, ψ, ψ
ℚ)

= A3(ψℙi
) + B3(ψℙi

)′(B1(ψ, ψℚ)′)−1(y1t − A1(ψ, ψℚ)). (D.3)

If model-based subjective expectations are allowed to diverge from model-based objective expectations in an ar-

bitrary fashion, then for any arbitrary vectora and arbitrary matrixb, there exist parameter vectorψ̃ℙi
such that

A3(ψ̃ℙi
) = a andB3(ψ̃ℙi

) = b. This means that for each set of parameters (ψ, ψℚ), one can find a set of parameters

ψℙi
, such that the forecastv3t(Θ) is the same. Therefore,

v3t(Θ) = A∗3 + B∗3y1t = v3t(A∗3,B
∗
3), (D.4)

whereA∗3 andB∗3 are free parameters that do not depend onΘ. Thus, the inclusion of the survey data in the estimation

has no impact on parameters (ψ, ψℚ) if ψℙi
is allowed to be different fromψ and there are no hidden variables. When

w1t is as in our original setup, Kalman filtering is required and survey data are helpful in estimating the statezt|t−1 and

parametersψ that control the dynamics of the state. The marginal effect could be small, however.

Appendix E. Parameter estimates

We have estimated a total of 16 models (four- and five-factor versions of eight kinds of models, depending on which

data were used in the estimation). In the following, we report the parameter estimates and bootstrapped confidence

95% intervals for NF4, NFT4, AO5, AOT5, AS5, AST5, OF4 and OFO4.

Prior to estimation, the data were rescaled by dividing all the rates by 400, so that the numbers corresponded to

quarterly rates observed at quarterly frequency and were expressed in decimals. The reported parameter estimates

reflect this scaling. This convention is convenient becauseit is difficult to determine the implications of the models,

especially the ones that pertain to second moments, if percentages or annualized rates observed at quarterly frequencies

are used. In the main text of the paper, all the results are reported in terms of annualized percentages because this is

more straightforward pedagogically.

Finally, the reported parameter values correspond to the final model rotation. We rotate the model so that the residual

factors f are orthogonal to each other, and so thatx1 is interpreted as the factor that is driving the level of the nominal

7



yield curve, and, in the case of a five factor model,x2 is interpreted as the factor that is driving the slope, measured

as the difference between the 10-year and three-month yields, of the nominal yield curve. This specific rotation is, of

course, irrelevant for some of our results (such as pricing errors and forecasting). However, we use it to interpret the

model’s implications, such as factor loadings. Moreover, we have to pick a rotation in order to calculate the confidence

intervals of the parameters. Because of our choice of rotation, a reader will see a lot of non-zero elements in matrices

where one would expect zeros on the basis of our discussion ofidentification in the main text.
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Table 1: Parameters NF4

Real interest rate

δx,0 δx

x1 x2

0.003 0.003 -0.0003

[-0.001, 0.006] [0.002,0.004] [-0.001,0.001]

Real risk premia

Λ0 Λ1

x1 x2 g

x1 0.11 -0.01 0.24 -30.75

[-0.09, 0.42] [-0.16,0.17] [-0.03,0.58] [-68.96,-3.80]

x2 0.64 0.39 0.66 -70.45

[0.36,0.97] [-0.15, 0.70] [0.15, 1.40] [-98.25,-36.55]

g 0.34 0.27 0.69 -53.23

[-0.05,0.80] [-0.13, 0.64] [0.35, 1.81] [-103.58,-25.84]

Σz

x1 x2 g π

x1 1 -0.52 0.001 -0.004

[1, 1] [-0.67, 0.06] [-0.001,0.004] [-0.005,-0.003]

x2 1 0.004 0.0028

[1, 1] [0.002,0.006] [0.0006,0.0036]

g 0.00006 0.0000012

[0.00004,0.00007] [-0.000005,0.000007]

π 0.000027

[0.000020,0.000032]

ℚ-drift

µ
ℚ
z Φ

ℚ
z

x1 x2 g π

x1 0 0.80 0.09 0 0

[0, 0] [0.57, 0.88] [-0.25,0.34] [0, 0] [0, 0]

x2 0 -0.18 0.21 0 0

[0, 0] [-0.41, 0.27] [-0.34, 0.54] [0, 0] [0, 0]

g 0.001 -0.003 -0.007 0.95 -0.09

[-0.000, 0.002] [-0.006,0.002] [-0.016,-0.003] [0.92,0.99] [-0.18, -0.02]

π 0.0011 0.0006 -0.001 -0.04 0.92

[0.0006,0.0019] [0.0002,0.0019] [-0.003,0.000] [-0.08,-0.01] [0.87, 0.96]
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Table 2: Parameters NFT4

Real interest rate

δx,0 δx

x1 x2

0.007 0.003 -0.0025

[0.006, 0.007] [0.002, 0.004] [-0.005, -0.001]

Real risk premia

Λ0 Λ1

x1 x2 g

x1 0.34 0.09 0.20 -42.97

[-0.06, 0.71] [-0.10, 0.19] [-0.10, 0.37] [-65.62, -19.49]

x2 0.47 0.17 0.05 -10.58

[0.13, 0.68] [0.03, 0.25] [-0.22, 0.23] [-36.60, 19.10]

g 0.79 0.19 -0.02 -68.05

[0.57, 1.22] [0.09, 0.39] [-0.36, 0.22] [-101.82, -53.18]

Σz

x1 x2 g π

x1 1 0.25 0.005 0.001

[1, 1] [-0.30, 0.73] [0.003, 0.006] [-0.002, 0.003]

x2 1 0.003 0.0048

[1, 1] [0.001, 0.004] [0.0000, 0.0054]

g 0.00006 -0.0000016

[0.00005, 0.00007] [-0.000008, 0.000005]

π 0.000029

[0.000022, 0.000035]

ℚ-drift

µ
ℚ
z Φ

ℚ
z

x1 x2 g π

x1 0 0.85 -0.18 0 0

[0, 0] [0.76, 0.93] [-0.39, 0.12] [0, 0] [0, 0]

x2 0 -0.10 0.38 0 0

[0, 0] [-0.19, 0.04] [0.23, 0.67] [0, 0] [0, 0]

g -0.005 -0.002 -0.005 1.13 0.56

[-0.010, -0.003] [-0.003, -0.001] [-0.007, -0.003] [1.07,1.25] [0.28, 1.08]

π 0.0027 0.0000 -0.001 -0.07 0.69

[0.0020, 0.0039] [-0.0003, 0.0005] [-0.002, 0.000] [-0.11, -0.04] [0.56, 0.77]
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Table 3: Parameters OFO4

Σz

x1 x2 g π

x1 1 -0.59 0.002 0.000

[1, 1] [-0.76, 0.69] [-0.003, 0.004] [-0.003, 0.002]

x2 1 -0.002 -0.0031

[1, 1] [-0.003, -0.001] [-0.0039, -0.0022]

g 0.00005 0.0000046

[0.00004, 0.00007] [-0.000002, 0.000011]

π 0.000027

[0.000021, 0.000034]

ℙ-drift

µz Φz

x1 x2 g π

x1 0 0.90 0.10 0 0

[0, 0] [0.86, 0.93] [-0.14, 0.15] [0, 0] [0, 0]

x2 0 0.06 0.93 0 0

[0, 0] [-0.08, 0.09] [0.89, 0.96] [0, 0] [0, 0]

g 0.006 -0.0005 0.0002 0.29 -0.17

[0.003, 0.009] [-0.0010, 0.0007] [-0.0004, 0.0011] [0.10,0.41] [-0.43, 0.10]

π 0.0056 0.00018 -0.0010 -0.01 0.07

[0.0012, 0.0101] [-0.00021, 0.00025] [-0.0012, -0.0009] [-0.02, 0.00] [0.05, 0.09]
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Table 4: Parameters OF4

Σz

x1 x2 g π

x1 1 -0.37 0.000 0.001
[1, 1] [-0.78, 0.70] [-0.002, 0.003] [-0.003, 0.003]

x2 1 -0.002 -0.0032
[1, 1] [-0.003, -0.001] [-0.0038, -0.0023]

g 0.00005 0.0000049
[0.00004, 0.00006] [0.0000000, 0.0000097]

π 0.000023
[0.000018, 0.000027]

ℙ-drift
µz Φz

x1 x2 g π

x1 -0.69 0.93 0.12 -8.13 -11.97
[-1.31, 1.09] [0.81, 0.96] [-0.16, 0.19] [-20.84, 17.16] [-34.19, 16.91]

x2 0.25 0.02 0.94 11.49 -8.80
[0.01, 0.87] [-0.05, 0.08] [0.87, 0.99] [-8.27, 29.73] [-21.75, 5.48]

g 0.001 -0.0004 0.0007 0.25 0.01
[-0.003, 0.005] [-0.0009, 0.0006] [0.0000, 0.0013] [0.08, 0.35] [-0.11, 0.09]

π 0.0103 0.0001 -0.0018 0.04 0.00
[0.0072, 0.0134] [-0.0002, 0.0003] [-0.0022, -0.0011] [-0.04, 0.13] [-0.16, 0.13]

ℙ1-drift
µ1

z Φ
1
z

x1 x2 g π

x1 0 0.70 0.39 0 0
[0, 0] [0.07, 1.19] [-0.49, 0.43] [0, 0] [0, 0]

x2 0 0.45 0.42 0 0
[0, 0] [-0.63, 0.81] [-0.11, 1.04] [0, 0] [0, 0]

g -0.17 0.10 -0.09 0.82 13.24
[-0.20, -0.12] [-0.13, 0.17] [-0.20, 0.04] [0.79, 0.86] [7.73, 17.24]

π 0.0068 -0.0002 -0.0014 0.005 -0.12
[0.0059, 0.0077] [-0.0004, 0.0003] [-0.0016, -0.0009] [0.004, 0.006] [-0.20, -0.06]

ℙ2-drift
µ2

z Φ
2
z

x1 x2 g π

x1 0 0.98 0.02 0 0
[0, 0] [0.95, 1.00] [-0.02, 0.02] [0, 0] [0, 0]

x2 0 0.02 0.97 0 0
[0, 0] [-0.03, 0.04] [0.93, 1.00] [0, 0] [0, 0]

g 0.005 0.002 0.0004 0.95 4.75
[-0.006, 0.013] [-0.003, 0.004] [-0.003, 0.003] [0.93, 0.97] [3.79,6.36]

π 0.007 -0.0002 -0.0013 -0.011 0.01
[0.006, 0.008] [-0.0004, 0.0002] [-0.0015, -0.0008] [-0.013, -0.009] [-0.01, 0.03]

ℙ3-drift
µ3

z Φ
3
z

x1 x2 g π

x1 0 0.96 0.03 0 0
[0, 0] [0.91, 1.00] [-0.04, 0.04] [0, 0] [0, 0]

x2 0 0.03 0.94 0 0
[0, 0] [-0.05, 0.06] [0.89, 0.98] [0, 0] [0, 0]

g -0.27 -0.02 0.04 0.41 -9.20
[-0.39, -0.15] [-0.04, 0.03] [0.01, 0.06] [0.25, 0.55] [-16.71, -3.87]

π 0.0064 -0.0002 -0.0013 0.005 0.04
[0.0055, 0.0072] [-0.0004, 0.0003] [-0.0014, -0.0007] [0.004, 0.006] [0.01, 0.07]
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Table 5: Parameters AO5

Real interest rate
δx,0 δx

x1 x2 x3

0.0049 0.0059 -0.0016 -0.0035
[0.0033, 0.0068] [0.0046, 0.0068] [-0.0022, -0.0011] [-0.0042, -0.0026]

Real risk premia
Λ0 Λ1

x1 x2 x2 g
x1 -0.04 -0.10 -0.06 0.20 -6.23

[-0.19, 0.09] [-0.26, 0.03] [-0.15, 0.02] [0.07, 0.37] [-12.32, 2.90]
x2 0.11 0.12 0.04 -0.42 -39.13

[0.02, 0.21] [0.03, 0.25] [-0.03, 0.12] [-0.64, -0.28] [-55.75, -30.71]
x3 -0.35 -0.62 -0.12 0.82 10.93

[-0.61, -0.19] [-0.90, -0.23] [-0.30, 0.05] [0.44, 1.09] [-8.12, 29.11]
g 1.19 1.90 0.75 -2.88 -106.51

[0.97, 1.59] [1.21, 2.66] [0.41, 1.41] [-3.74, -2.25] [-134.83, -93.43]

Σz

x1 x2 x3 g π

x1 1 0.75 0.89 -0.0010 -0.0048
[1, 1] [0.49, 0.86] [0.86, 0.91] [-0.0017, -0.0001] [-0.0052, -0.0044]

x2 1 0.74 -0.0011 -0.0042
[1, 1] [0.51, 0.83] [-0.002, 0.000] [-0.0048, -0.0030]

x3 1 -0.0022 -0.0050
[1, 1] [-0.003, -0.001] [-0.0053, -0.0046]

g 0.000056 0.0000052
[0.000045, 0.000064] [0.0000005, 0.0000081]

π 0.000027
[0.000023, 0.000030]

ℚ-drift
µ
ℚ
z Φ

ℚ
z

x1 x2 x3 g π

x1 0 0.83 0.09 -0.72 0 0
[0, 0] [0.65, 0.94] [0.03, 0.16] [-0.84, -0.56] [0, 0] [0, 0]

x2 0 -0.14 0.92 -0.42 0 0
[0, 0] [-0.28, -0.05] [0.87, 0.98] [-0.57, -0.13] [0, 0] [0, 0]

x3 0 0.16 0.16 -0.34 0 0
[0, 0] [-0.09, 0.34] [0.06, 0.28] [-0.49, -0.12] [0, 0] [0, 0]

g -0.002 -0.014 -0.005 0.021 1.03 -0.13
[-0.004, -0.001] [-0.019, -0.008] [-0.009, -0.003] [0.016, 0.027] [1.02, 1.06] [-0.18, -0.10]

π 0.000 0.0008 -0.0001 0.0038 0.00 0.99
[0.000, 0.000] [0.0001, 0.0017] [-0.0005, 0.0002] [0.0028, 0.0044] [-0.00, 0.00] [0.99, 1.00]
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Table 6: Parameters AOT5

Real interest rate
δx,0 δx

x1 x2 x3

0.0104 0.0056 -0.0012 -0.0034
[0.0091, 0.0118] [0.0043, 0.0064] [-0.0018, -0.0007] [-0.0039, -0.0026]

Real risk premia
Λ0 Λ1

x1 x2 x2 g
x1 3.50 0.46 0.21 -0.83 11.64

[2.62, 4.26] [0.11, 0.70] [0.12, 0.35] [-1.04, -0.55] [0.62, 17.33]
x2 1.55 0.08 -0.03 -0.27 -29.64

[0.65, 2.53] [-0.04, 0.22] [-0.11, 0.04] [-0.49, -0.09] [-43.45, -18.52]
x3 4.58 0.52 0.37 -1.11 13.65

[3.66, 5.67] [0.29, 0.79] [0.21, 0.61] [-1.34, -0.92] [1.66, 33.16]
g 11.21 1.61 0.68 -2.79 52.05

[10.46, 12.04] [0.61, 2.29] [0.40, 1.10] [-3.26, -2.14] [32.22, 64.49]

Σz

x1 x2 x3 g π

x1 1 0.64 0.88 0.0020 -0.0043
[1, 1] [0.26, 0.80] [0.83, 0.91] [0.0006, 0.0029] [-0.0050, -0.0037]

x2 1 0.64 0.0005 -0.0037
[1, 1] [0.32, 0.77] [-0.001, 0.002] [-0.0046, -0.0022]

x3 1 0.0024 -0.0045
[1, 1] [0.001, 0.003] [-0.0051, -0.0039]

g 0.000060 0.0000055
[0.000048, 0.000071] [0.0000015, 0.0000121]

π 0.000027
[0.000021, 0.000033]

ℚ-drift
µ
ℚ
z Φ

ℚ
z

x1 x2 x3 g π

x1 0 0.32 -0.16 0.34 0 0
[0, 0] [0.09, 0.57] [-0.27, -0.08] [0.17, 0.50] [0, 0] [0, 0]

x2 0 -0.42 0.77 0.25 0 0
[0, 0] [-0.59, -0.19] [0.66, 0.85] [0.08, 0.38] [0, 0] [0, 0]

x3 0 -0.77 -0.25 1.39 0 0
[0, 0] [-1.07, -0.46] [-0.40, -0.15] [1.19, 1.57] [0, 0] [0, 0]

g -0.075 -0.012 -0.006 0.021 -0.02 -0.42
[-0.086, -0.058] [-0.017, -0.004] [-0.009, -0.003] [0.015, 0.025] [-0.08, 0.04] [-0.58, -0.27]

π -0.019 0.0004 -0.0003 0.0036 -0.26 0.88
[-0.022, -0.015] [-0.0001, 0.0014] [-0.0007, 0.0000] [0.0028, 0.0041] [-0.31, -0.22] [0.84, 0.92]
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Table 7: Parameters AS5

Real interest rate

δx,0 δx
x1 x2 x3

0.0019 0.0062 -0.0004 -0.0048

[0.0004, 0.0037] [0.0052, 0.0067] [-0.0008, -0.0001] [-0.0051, -0.0040]

Real risk premia

Λ0 Λ1
x1 x2 x2 g

x1 -0.02 -0.62 -0.10 0.74 -3.63

[-0.13, 0.14] [-0.81, -0.47] [-0.20, -0.01] [0.55, 0.94] [-15.30, 9.81]

x2 0.20 -0.60 -0.15 0.61 -9.87

[0.05, 0.55] [-0.74, -0.36] [-0.30, -0.08] [0.34, 0.81] [-30.71, -0.62]

x3 -0.24 -0.30 0.14 0.13 -8.81

[-0.60, -0.07] [-0.45, -0.04] [0.03, 0.32] [-0.21, 0.30] [-23.54, 8.95]

g 0.10 3.57 0.44 -3.86 -90.98

[-0.24, 0.53] [3.06, 3.95] [0.24, 0.72] [-4.42, -3.35] [-113.73, -76.86]

Σz
x1 x2 x3 g π

x1 1 0.61 0.91 -0.0014 -0.0043

[1, 1] [0.38, 0.76] [0.88, 0.92] [-0.0016, -0.0012] [-0.0044, -0.0041]

x2 1 0.67 -0.0027 -0.0033

[1, 1] [0.47, 0.78] [-0.003, -0.002] [-0.0038, -0.0022]

x3 1 -0.0020 -0.0044

[1, 1] [-0.002, -0.002] [-0.0045, -0.0042]

g 0.000058 0.0000031

[0.000054, 0.000061] [0.0000029, 0.0000034]

π 0.000021

[0.000019, 0.000023]

ℚ-drift

µ
ℚ
z Φ

ℚ
z
x1 x2 x3 g π

x1 0 1.38 0.34 -1.39 0 0

[0, 0] [1.17, 1.50] [0.26, 0.43] [-1.52, -1.22] [0, 0] [0, 0]

x2 0 0.90 1.17 -1.52 0 0

[0, 0] [0.64, 1.04] [1.06, 1.31] [-1.72, -1.17] [0, 0] [0, 0]

x3 0 0.62 0.35 -0.82 0 0

[0, 0] [0.38, 0.76] [0.26, 0.47] [-0.96, -0.62] [0, 0] [0, 0]

g 0.012 -0.027 -0.004 0.028 0.79 -0.55

[0.009, 0.016] [-0.030, -0.023] [-0.006, -0.003] [0.023, 0.031] [0.78, 0.80] [-0.60, -0.50]

π -0.0011 -0.0002 -0.0011 0.0050 0.022 1.051

[-0.0014, -0.0008] [-0.0005, 0.0006] [-0.0015, -0.0009] [0.0042, 0.0054] [0.021, 0.022] [1.046, 1.056]

ℙ1-drift

µ1
z Φ

1
z

x1 x2 x3 g π

x1 -0.71 0.12 0.21 -0.38 -44.93 0

[-1.35, -0.14] [-0.28, 0.46] [-0.00, 0.44] [-0.79, 0.15] [-83.86, -7.49] [0, 0]

x2 1.48 0.26 0.64 -0.27 34.22 0

[0.80, 2.34] [-0.24, 0.82] [0.43, 0.82] [-0.68, 0.13] [-20.62, 93.01] [0, 0]

x3 1.15 -0.92 0.10 -0.05 39.82 0

[0.87, 1.56] [-1.32, -0.67] [-0.04, 0.24] [-0.37, 0.32] [20.48, 69.15] [0, 0]

g 0.01 0.016 -0.001 -0.007 -0.92 -0.55

[-0.00, 0.02] [0.008, 0.026] [-0.005, 0.002] [-0.018, 0.000] [-1.72, -0.34] [-0.60, -0.50]

π -0.004 0.0016 -0.00013 0.0043 0.13 1.051

[-0.006, -0.003] [0.0010, 0.0027] [-0.0005, 0.0002] [0.0032, 0.0053] [0.07, 0.19] [1.046, 1.056]

ℙ2-drift

µ2
z Φ

2
z

x1 x2 x3 g π

x1 0.44 0.65 0.09 -0.67 5.11 0

[0.27, 0.61] [0.43, 0.78] [-0.01, 0.17] [-0.82, -0.46] [-5.22, 19.51] [0, 0]

x2 0.68 -0.22 0.81 -0.54 -34.35 0

[0.44, 0.92] [-0.40, -0.05] [0.72, 0.89] [-0.76, -0.29] [-50.06, -19.07] [0, 0]

x3 0.59 -0.17 0.01 0.07 -22.45 0

[0.39, 0.79] [-0.34, -0.01] [-0.08, 0.08] [-0.11, 0.27] [-31.05, -10.13] [0, 0]

g 0.00 0.002 0.001 0.001 0.86 -0.55

[-0.00, 0.01] [-0.004, 0.006] [-0.001, 0.004] [-0.004, 0.008] [0.45, 1.09] [-0.60, -0.50]

π -0.003 0.0007 -0.00006 0.0036 0.10 1.051

[-0.004, -0.002] [0.0004, 0.0012] [-0.0003, 0.0001] [0.0030, 0.0039] [0.09, 0.11] [1.046, 1.056]

ℙ3-drift

µ3
z Φ

3
z

x1 x2 x3 g π

x1 5.93 -4.04 -1.19 3.14 -168.34 0

[5.09, 6.70] [-4.53, -3.25] [-1.64, -0.81] [1.96, 4.08] [-184.24, -149.32] [0, 0]

x2 -2.55 2.79 1.58 -2.77 80.21 0

[-5.22, -0.47] [0.82, 5.23] [1.09, 2.04] [-4.41, -1.26] [18.65, 155.46] [0, 0]

x3 0.82 -0.75 -0.03 0.51 -34.25 0

[-0.17, 1.30] [-1.13, -0.08] [-0.15, 0.21] [-0.03, 0.87] [-45.66, -8.82] [0, 0]

g -0.04 0.050 0.011 -0.038 2.14 -0.55

[-0.05, -0.03] [0.036, 0.061] [0.007, 0.016] [-0.050, -0.022] [1.77, 2.47] [-0.60, -0.50]

π -0.003 0.0008 -0.00007 0.0034 0.13 1.051

[-0.004, -0.002] [0.0005, 0.0013] [-0.0003, 0.0001] [0.0029, 0.0037] [0.12, 0.14] [1.046, 1.056]
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Table 8: Parameters AST5

Real interest rate

δx,0 δx
x1 x2 x3

0.0087 0.0059 -0.0010 -0.0044

[0.0080, 0.0095] [0.0050, 0.0064] [-0.0012, -0.0006] [-0.0048, -0.0039]

Real risk premia

Λ0 Λ1
x1 x2 x2 g

x1 -0.47 -0.41 0.05 0.52 -2.83

[-0.71, -0.38] [-0.53, -0.29] [-0.06, 0.10] [0.37, 0.67] [-14.99, 9.51]

x2 -0.03 0.03 -0.09 0.04 -15.96

[-0.30, 0.23] [-0.05, 0.18] [-0.23, -0.05] [-0.17, 0.20] [-35.68, -3.96]

x3 -0.13 -0.23 0.13 0.19 -9.99

[-0.37, 0.23] [-0.32, 0.00] [0.02, 0.26] [-0.09, 0.34] [-25.87, 6.21]

g 3.34 1.87 0.43 -2.60 -78.54

[2.89, 4.16] [1.53, 2.14] [0.33, 0.67] [-3.02, -2.23] [-102.81, -67.19]

Σz
x1 x2 x3 g π

x1 1 0.39 0.89 -0.0012 -0.0042

[1, 1] [0.01, 0.65] [0.86, 0.91] [-0.0015, -0.0009] [-0.0044, -0.0040]

x2 1 0.46 -0.0018 -0.0024

[1, 1] [0.16, 0.69] [-0.002, -0.001] [-0.0035, -0.0008]

x3 1 -0.0018 -0.0044

[1, 1] [-0.002, -0.002] [-0.0046, -0.0041]

g 0.000058 0.0000030

[0.000050, 0.000062] [0.0000027, 0.0000033]

π 0.000021

[0.000019, 0.000022]

ℚ-drift

µ
ℚ
z Φ

ℚ
z
x1 x2 x3 g π

x1 0 1.19 0.13 -1.13 0 0

[0, 0] [1.04, 1.27] [0.10, 0.21] [-1.21, -1.01] [0, 0] [0, 0]

x2 0 0.26 0.97 -0.70 0 0

[0, 0] [0.13, 0.32] [0.92, 1.05] [-0.97, -0.26] [0, 0] [0, 0]

x3 0 0.35 0.14 -0.53 0 0

[0, 0] [0.16, 0.45] [0.09, 0.24] [-0.62, -0.40] [0, 0] [0, 0]

g -0.015 -0.014 -0.003 0.017 0.73 -0.50

[-0.019, -0.011] [-0.015, -0.011] [-0.005, -0.002] [0.014, 0.020] [0.71, 0.74] [-0.57, -0.44]

π 0.0012 -0.0003 -0.0003 0.0046 0.018 1.029

[0.0009, 0.0015] [-0.0006, 0.0003] [-0.0006, -0.0001] [0.0041, 0.0049] [0.017, 0.019] [1.024, 1.034]

ℙ1-drift

µ1
z Φ

1
z

x1 x2 x3 g π

x1 -3.36 -0.01 0.07 -0.19 -75.04 0

[-4.44, -2.39] [-0.30, 0.24] [-0.08, 0.24] [-0.62, 0.19] [-95.44, -29.71] [0, 0]

x2 2.21 0.69 0.79 -0.50 58.36 0

[0.25, 4.60] [0.18, 1.23] [0.57, 0.95] [-1.04, 0.13] [-4.59, 107.28] [0, 0]

x3 -1.55 -0.44 0.03 -0.05 14.37 0

[-1.94, -1.06] [-0.58, -0.32] [-0.03, 0.11] [-0.27, 0.11] [3.37, 37.47] [0, 0]

g 0.06 0.012 -0.001 -0.004 0.11 -0.50

[0.04, 0.07] [0.007, 0.015] [-0.004, 0.002] [-0.009, 0.001] [-0.57, 0.42] [-0.57, -0.44]

π 0.003 0.0010 0.00004 0.0038 0.10 1.029

[0.002, 0.004] [0.0007, 0.0016] [-0.0002, 0.0002] [0.0031, 0.0043] [0.08, 0.13] [1.024, 1.034]

ℙ2-drift

µ2
z Φ

2
z

x1 x2 x3 g π

x1 -0.63 0.80 0.06 -0.84 -0.22 0

[-0.92, -0.38] [0.66, 0.89] [-0.00, 0.13] [-1.08, -0.61] [-7.62, 8.75] [0, 0]

x2 -0.95 -0.25 0.84 -0.33 -28.78 0

[-1.25, -0.60] [-0.36, -0.14] [0.78, 0.90] [-0.66, 0.09] [-42.49, -17.71] [0, 0]

x3 -0.70 -0.20 0.02 0.14 -14.91 0

[-0.92, -0.52] [-0.31, -0.08] [-0.05, 0.08] [-0.04, 0.29] [-20.27, -11.28] [0, 0]

g 0.01 0.002 0.000 0.002 0.80 -0.50

[0.01, 0.02] [-0.003, 0.004] [-0.002, 0.003] [-0.002, 0.010] [0.72, 0.89] [-0.57, -0.44]

π 0.002 0.0008 -0.00005 0.0034 0.08 1.029

[0.002, 0.003] [0.0006, 0.0012] [-0.0002, 0.0001] [0.0029, 0.0036] [0.07, 0.09] [1.024, 1.034]

ℙ3-drift

µ3
z Φ

3
z

x1 x2 x3 g π

x1 -4.71 -2.38 -0.76 2.09 -8.52 0

[-5.80, -3.69] [-2.98, -1.64] [-1.22, -0.47] [1.51, 2.67] [-19.54, 2.31] [0, 0]

x2 4.23 3.23 1.65 -3.26 -34.81 0

[1.57, 7.20] [1.15, 5.41] [1.22, 2.20] [-4.77, -1.70] [-52.28, -21.36] [0, 0]

x3 -1.79 -0.81 -0.08 0.62 -11.29 0

[-2.24, -1.13] [-1.09, -0.36] [-0.19, 0.09] [0.21, 0.91] [-16.67, -6.39] [0, 0]

g 0.08 0.045 0.010 -0.036 0.44 -0.50

[0.05, 0.10] [0.030, 0.057] [0.006, 0.017] [-0.048, -0.023] [0.24, 0.63] [-0.57, -0.44]

π 0.002 0.0008 -0.00005 0.0033 0.11 1.029

[0.001, 0.003] [0.0006, 0.0012] [-0.0002, 0.0001] [0.0028, 0.0035] [0.10, 0.13] [1.024, 1.034]
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